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A POLYNOMIAL METIlOD FOR DETERMINING LOCAL EMISSION 
INTENSITY BY ABEL INVERSION 
By Chul Park and Dan Moore 
Ames Research Center  
SUMMARY 
The Abel i n v e r s i o n  i s  a p p l i e d  t o  t h e  t ransformat ion  o f  t h e  measured 
l i ne -o f - s igh t  i n t e g r a t e d  r a d i a t i o n  i n t e n s i t y  from an a x i a l l y  symmetric plasma 
l i g h t  source i n t o  l o c a l  emission i n t e n s i t y .  Cons idera t ion  o f  t h e  phys ica l  
f e a t u r e s  o f  t h e  plasma l i g h t  source  shows t h a t  t h e  most appropr i a t e  approxi-  
mation o f  t h e  r a d i a l  v a r i a t i o n  o f  emission i s  an even-power polynomial.  Thus, 
t h e  measured i n t e g r a t e d  i n t e n s i t y  i s  r ep resen ted  by a l i n e a r  combination o f  
Abel t ransforms o f  even powers. The formula i s  p r e c i s e  nea r  t h e  a x i s  of  sym- 
metry even when t h e  i n t e g r a t e d  i n t e n s i t y  i s  known a t  only two o r  t h r e e  l a t e r a l  
p o s i t i o n s .  The formula becomes inaccura t e  a t  l a r g e  r a d i a l  d i s t a n c e s  and i s  
s u i t a b l e  mainly when t h e  emission i n t e n s i t y  decreases  monotonical ly  toward t h e  
boundary. 
INTRODUCTION 
The i n t e n s i t y  o f  r a d i a t i o n  energy observed from an o p t i c a l l y  t h i n  plasma 
i s  an i n t e g r a t e d  sum o f  t h e  i n t e n s i t y  o f  emission p e r  u n i t  volume along t h e  
viewing l i n e .  When t h e  plasma i s  a x i a l l y  syinmetric, t h e  r a d i a t i v e  emission 
per  u n i t  volume, de f ined  here  a s  emission i n t e n s i t y  (o r  simply emiss ion) ,  can 
be c a l c u l a t e d  from t h e  observed i n t e g r a t e d  r a d i a t i o n  i n t e n s i t y  (o r  i n t e g r a t e d  
i n t e n s i t y )  by so lv ing  Abel 's i n t e g r a l  equat ion  through inve r s ion  ( r e f .  1 ) .  
In t h e  process  o f  Abel i nve r s ion ,  i t  i s  necessary  t o  d i f f e r e n t i a t e  t h e  
exper imenta l ly  obta ined  i n t e g r a t e d  i n t e n s i t y  d i s t r i b u t i o n  with r e spec t  t o  t h e  
d i s t a n c e  along which i t  v a r i e s .  Because t h e  numerical  d i f f e r e n t i a t i o n  magni- 
f i e s  t h e  e r r o r s  i n  t h e  o r i g i n a l  d a t a ,  most methods o f  Abel i nve r s ion  r e s u l t  
i n  a l a r g e  magni f ica t ion  o f  t h e  experimental  e r r o r ,  which i s  p ropor t iona l  t o  
t h e  t o t a l  number o f  p o i n t s  taken  and i s  s e v e r e s t  a t  t h e  a x i s  o f  symmetry. 
T y p i c a l l y ,  t h e r e  i s  a t e n f o l d  magn i f i ca t ion  o f  e r r o r  when t h e  i n t e n s i t i e s  a r e  
I 
4 taken ove r  20 equa l ly  spaced i n t e r v a l s .  
To reduce t h e  e f f e c t s  o f  experimental  e r r o r ,  one o r d i n a r i l y  smooths t h e  
d a t a  by f i t t i n g  ( i n  a l ea s t - squa res  sense)  a polynomial curve through t h e  d a t a  
p o i n t s .  The corresponding curve p o i n t s  a r e  then  used a s  d a t a  p o i n t s  be fo re  
applying t h e  Abel i n v e r s i o n  t o  determine t h e  emission.  The number o f  terms 
i n  t h e  smoothing polynomial can be inc reased  t o  reduce t h e  sum of  squares  o f  
t he  d e v i a t i o n s  o f  t h e  observed d a t a  from t h e  t h e o r e t i c a l  curve.  Ilowever, 
high-order  polynomials w i l l  o s c i l l a t e ,  and t h e  v a r i a t i o n  i n  s lopes  will 
i n c r e a s e .  Thus, one i s  compelled t o  smooth t h e  d a t a  wi th  a low-order poly-  
nomial.  A d a t a  f i t  wi th  a low-degree polynomial,  however, r e s u l t s  i n  an 
a n a l y t i c a l  e r r o r ,  t h a t  i s ,  t h e  e r r o r  caused by f a i l i n g  t o  approximate a t r u e  
v a r i a t i o n  by a s imple a n a l y t i c a l  expres s ion .  The re fo re ,  i n  c u r r e n t  Abel i nve r -  
s i o n  methods, a c e r t a i n  amount o f  e r r o r  i s  in t roduced  r e g a r d l e s s  o f  t h e  number 
o f  p o i n t s  taken  t o  r e p r e s e n t  t h e  measured d i s t r i b u t i o n  o f  i n t e g r a t e d  i n t e n s i t y .  
The purpose o f  t h e  p r e s e n t  work i s  t o  d e r i v e  a new method f o r  Abel 
i nve r s ion ,  a p p l i c a b l e  i n  c e r t a i n  cases ,  t h a t  w i l l  minimize t h e  e f f ec t s  o f  
experimental  e r r o r  i n  determining emission i n t e n s i t y  on and n e a r  t h e  a x i s  o f  
symmetry. Plasma emission i n t e n s i t y  i s  assumed t o  vary  such t h a t  it can be 
expressed by a polynomial i n  even powers o f  t h e  r a d i a l  d i s t a n c e .  The expe r i -  
mental  d a t a ,  t h e  i n t e g r a t e d  i n t e n s i t i e s ,  are f i t t e d  wi th  a s imple func t ion  
t h a t ,  a f t e r  Abel i nve r s ion ,  produces a polynomial o f  even powers. Th i s  method 
i s  appl ied  t o  two se t s  o f  t y p i c a l  experimental  d a t a .  The proposed method i s  
shown t o  be accu ra t e  n e a r  t h e  a x i s  o f  symmetry a t  l e a s t  t o  t h e  same degree a s  
e x i s t i n g  methods, even when on ly  two or t h r e e  d a t a  p o i n t s  are taken .  
DERIVATION OF METIiOD 
X Figure  1 i s  a c ros s  s e c t i o n  o f  t h e  
mlsston intenstty 
er unit volume e (  r ) When t h e  plasma i s  o p t i c a l l y  t h i n ,  t h e  
Observer obse rve r  i s  an i n t e g r a t e d  sum of  volu-  
ln tens l tyP(x i  era l  displacement  x of  t h e  viewing 
axisymmetric plasma under cons ide ra t ion .  
r a d i a t i o n  i n t e n s i t y  measured by an 
m e t r i c  emission t h a t  v a r i e s  wi th  l a t -  
l i n e .  I t  has been shown ( r e f ,  1) t h a t  
i n t e g r a t e d  i n t e n s i t y  P(x) i s  an Abel 
t ransform o f  emission i n t e n s i t y  e ( r )  ; 
t h a t  i s ,  
i 
(1) 
ro e ( r ) r  d r  s Jn P(x) = 2 
X 
F i g u r e  1.- Cross s e c t i o n  of a x i a l l y  symmetric,  
o p t i c a l l y  t h i n  r a d i a t i o n  source .  
where ro is t h e  r a d i u s  o f  t h e  plasma boundary. The emission func t ion  e ( r )  
o b t a i n  




I n  most l abora to ry  plasmas , t h e  fol lowing f e a t u r e s  e x i s t :  
1. A t  t h e  o r i g i n ,  t h a t  i s ,  on t h e  a x i s  o f  symmetry ( r  = 0 ) ,  t h e  emission 
i n t e n s i t y  i s  f i n i t e .  
2 .  The d e r i v a t i v e  de /d r  approaches zero as r approaches ze ro .  
1 
3 .  A t  t h e  boundary ( r  = r o ) ,  t h e  d e r i v a t i v e  (de/dr)  i s  f i n i t e .  
rO 
Ana ly t i ca l  e r r o r  can be minimized by f i t t i n g  t h e  most appropr i a t e  
func t ion  t o  t h e  observed i n t e g r a t e d  i n t e n s i t y  P (x ) .  Table 1 l i s t s  f o u r  
c l a s s e s  of func t ions  t h a t  involve polynomials and t h e i r  Abel i n v e r s i o n s .  A s  
shown i n  t a b l e  1, i f  an even-power func t ion  r e p r e s e n t s  t h e  i n t e g r a t e d  i n t e n -  
s i t y ,  t h e  s l o p e  o f  emission f u n c t i o n  a t  t h e  boundary i s  i n f i n i t e .  This  fea- 
t u r e  i s  i n  c o n f l i c t  with t h e  p h y s i c a l  na tu re  of plasma, (3) above, and so t h e  
method becomes i n a c c u r a t e  n e a r  t h e  boundary. The odd-power func t ions  have 
s i n g u l a r i t i e s  no t  only a t  t h e  boundary but  a l s o  a t  t h e  o r i g i n .  For example, 
t h e  l i n e a r  f u n c t i o n  P(x) = x impl i e s  i n f i n i t e  emission a t  t h e  o r i g i n .  For 
o t h e r  odd-power f u n c t i o n s ,  t h e r e  i s  a term of t h e  form 
expressions f o r  t h e  emission, which has an i n f i n i t e  cu rva tu re  a t  t h e  o r i g i n ;  
t h a t  i s ,  t h e  f u n c t i o n  e ( r )  e x h i b i t s  a f i n i t e  s lope  i n  t h e  r eg ion  near  (but 
no t  a t )  t h e  o r i g i n ,  c o n t r a r y  t o  ( 2 )  above. 
r2n Zn r i n  t h e  
Because t h e r e  i s  no s i n g u l a r i t y  i n  t h e  emission func t ion  i n  t h e  range 
0 5 r 5 ro, t h e  emission can always be approximated by a s e r i e s  i n  powers of 
r .  Table 1 shows t h e  func t ions  P(x) corresponding t o  t h e  power func t ions  o f  
r .  For t h e  emission func t ion  t o  be an odd-power func t ion  of r ,  t h e  i n t e -  
g r a t e d  i n t e n s i t y  must have a loga r i thmic  v a r i a t i o n  nea r  t h e  o r i g i n .  Because 
t h e  loga r i thmic  term i s  u n d e s i r a b l e ,  t h e  p r e f e r r e d  form o f  emission i s  an 
even-power polynomial 
m 
e ( r )  = b i r2 i  
i = o  
i n  which m determines t h e  l a s t  term o f  t h e  ser ies .  I t  can be shown from 
t a b l e  1 t h a t  t h e  corresponding func t ion  f o r  t h e  i n t e g r a t e d  i n t e n s i t y  i s  
m 
( 3 )  
Thus, when t h e  experimental ly  determined i n t e g r a t e d - i n t e n s i t y  d i s t r i b u t i o n  i s  
r ep resen ted  with a f u n c t i o n  o f  t h e  form equat ion ( 4 ) ,  a high degree o f  accu- 
racy i s  a t t a i n e d  n e a r  t h e  o r i g i n  r = 0 .  
The c o e f f i c i e n t s  a i  and b i  i n  equat ions (3) and (4) a r e  r e l a t e d  through 
Abel 's  i n t e g r a l  equat ion (1) (or  eq.  ( 2 ) ) .  This r e l a t i o n s h i p  between t h e  a i  
and b i  is  de r ived  by s u b s t i t u t i n g  equat ion (3) i n t o  equat ion ( l ) ,  as  
desc r ibed  i n  appendix A .  For values  o f  m up t o  5,  e x p l i c i t  formulas f o r  
determining b i  from given values  o f  a i  a r e  p re sen ted  i n  t a b l e  2 .  
3 
L 
P T A B L E  1.- ABEL TRANSFORMS O F  F U N C T I O N S  I N V O L V I N G  POLYNOMIALS 
1 
X 2  
x4 
. . .  
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. .  
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. . .  
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aPoly(l-2) r e p r e s e n t s  an  even-power polynomial  i n  r .  
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TABLE 2.-  COEFFICIENTS b, I N  e ( r )  =c bnr2n AS DETERMINED 
m 
n= o 
FROM THE COEFFICIENTS an IN p(x> = J / ;  anx2n 
0 
FOR ARBITRARY m 
3 Terms ~~ 
bo = a, - 0 . 5 a l r O 2  - 0.125a2r04 
b l  = 1 .5a l  - 0.75a2rO2 
b2 = 2.125a2 
4 Terms I 
bo = a, - 0.5a l ro2  - 0.125a2r04 - 0.0625a3rO6 
b l  = 1 .5a l  - 0.75a2r02 - 0.1875a3r04 
b2  = 2.125a2 - 0.9375a3rO2 
b3 = 2.1875a3 
- 
5 Terms 
bo = a, - 0.5a1ro2 - 0.125a2r04 - 0.0625a,rO6 - 0 . 0 3 1 2 5 a ~ + r , ~  
b l  = 1.5a1  - 0.75a2rO2 - 0.1875a3rO4 - 0.09375a4r06 
b2 = 2.125a2 - 0.9375a3rO2 - 0.23437a4rO4 
b 3  = 2.1875a3 - 1.09375a4r02 
b4  = 2.4609a4 
~~ 
5 
DETERMINATION OF THE COEFFICIENTS ai 
When t h e  i n t e g r a t e d  i n t e n s i t y  P ( x j )  i s  known a t  M + 1 e q u a l l y  spaces 
p o i n t s  xo = 0, x1 = r J M ,  x2 = 2r0/M, . . . , x -  = j r o / M ,  . . . , where M 
i s  t h e  number o f  zone d i v i s i o n s ,  t h e  c o e f f i c i e n t s  a i  o f  equat ion  (4) can be  
determined from t h e  set o f  M + 1 l i n e a r  equa t ions  
J 
However, it must be noted t h a t  when j = M ,  t h e  l e f t  s i d e  o f  equat ion  (5) i s  
undefined.  Phys ica l ly ,  t h i s  d i f f i c u l t y  i s  caused by t h e  f ac t  t h a t  both t h e  
l i g h t - e m i t t i n g  volume and t h e  i n t e g r a t e d  i n t e n s i t y  vanish a t  
t a k i n g  t h e  l i m i t  x + ro i n  equat ion  ( 2 ) ,  t h e r e  fo l lows  
x = ro. By 
e ( r o )  = 1 l i m  p (XI 
x+ro ,J- 
Because both t h e  numerator and t h e  denominator i n  t h e  r i g h t  s i d e  o f  equat ion  
(6) vanish ,  it is  imposs ib le  t o  determine e ( r o )  exper imenta l ly  without  making 
a s u i t a b l e  assumption on t h e  behavior  o f  P(x) n e a r  ro. Two methods were 
developed t o  r e s o l v e  t h i s  d i f f i c u l t y  t o  s a t i s f y  two types  o f  edge cond i t ions .  
Method 1 
In  the  f i r s t  method, t h e  M + 1 equat ion  i s  d e l e t e d  so  t h a t  on ly  M 
l i n e a r  equat ions  remain t o  be so lved:  
M- 1 2 i  
= ai(+) , j = O , 1 , 2  , . . . ,  M - 1  
r d l  - (j/M)’ 
i =o 0 
(7)  
i 
This  g ives  r ise  t o  an M term approximation f o r  t h e  emission f u n c t i o n ,  When 
t h e  l as t  equat ion  i n  (5) is  d e l e t e d ,  t h e  emission func t ion  is  l e f t  t o  take an 
a r b i t r a r y  f i n i t e  va lue  a t  t h e  boundary a s  d i c t a t e d  by t h e  func t ion  va lues  a t  
a l l  o t h e r  p o i n t s .  The e ( r o )  va lue  given by t h i s  method may no t  be c o r r e c t ,  
bu t  it is  v a l i d  as long a s  e ( r )  obeys t h e  polynomial v a r i a t i o n  law o f  ( 3 )  
n e a r  ro. This  method should be used i f  t h e  v a r i a t i o n  o f  e ( r )  wi th  r i s  
mi ld  and i f  e ( r o )  is known t o  be  f i n i t e ,  as i n  t h e  case o f  t h e  r a d i a t i n g  
shock l a y e r  around t h e  nose o f  a body o f  r e v o l u t i o n  moving a t  high speed.  The 




i = o  
TABLE 3.- COEFFICIENTS bi IN e(r) = E  bir2i A S  DETERMINED FROM P(xj), 
(Xj = jro/M, j = 0 ,  1, . . . , M); METHOD 1 (m = M-1, e(ro) # 0 ASSUMED) 
2 Zones, 2 Terms (M = 2, m = 1) - 
bo = [1.5P(o) - l.1547P(ro/2)]/ro 
'51 = [-3P(o) + 3.4641P(ro/2)]/ro3 
3 Zones, 3 Terms (M = 3, m = 2) 
bo = [2.0469P(o) - 1.3921P(ro/3) - 0.3144P(2ro/3)]/ro 
bl = [-16.0313P(o) + 20.2851P(r0/3) - 4.1507P(2ro/3)]/ro3 
b2 = [18.9844P(o) - 26.8480P(r0/3) + 8.4901P(2r0/3)]/rO5 
4 Zones, 4 Terms (M = 4, m = 3) 
bo = [3.2778P(o) - 2.7541P(r0/4) + 0.0770P(r0/2) - 0.2688P(3ro/4)]/ro 
bl = [-43.0000P(o) + 55.7710P(r0/4) - 13.1636P(r0/2) + 0.6047P(3ro/4)]/ro3 
b2 = [146.6667P(o) - 216.8871P(r0/4) + 83.1384P(ro/2) - 13.1028P(3ro/4)]/ro5 
b3 = [-124.4444P(o) + 192.7885P(r0/4) - 86.2176P(r0/2) + 18.8142P(3ro/4)]/ro7 
5 Zones, 5 Terms (M = 5, m = 4) 
bo = [ 3.0694P ( 0 )  - 1.6997P (ro/5) - 0.9633P (2r0/5) + 0.1274P (3r0/5) 
- 0.2052P(4ro/5)]/ro 
- 0.823613 (4ro/5) ] /rO3 
+ 7.0663P(4ro/5)]/ro5 
- 37.4405P(4r0/5) ]/ro7 
+ 39. 7364P(4r0/5) ]/ro9 
bl = [-93.2719P(o) + 124.2254P(r0/5) - 34.1480P(2r0/5) + 4.1847P(3r0/5) 
b2 = [579.7068P(o) - 877. 7189P(r0/5) + 369. 2683P(2r0/5) - 78.0015P(3r0/5) 
b3 = [-1260.9694P(o) + 2010. 7037P(r0/5) - 997.0724P(2r0/5) + 283.9830P(3r0/5) 
b4  = [834.4651P(o) - 1362.6757P(r0/5) + 728.3808P(2r0/5) - 238.4186P(3r0/5) 
. .  
7 
m 
i = O  
TABLE 4.- COEFFICIENTS bi IN e(r) = b i r2 i  AS DETERMINED FROM P(xj) , 
-. 
2 Zones, 3 Terms (M = 2, m = 2) 
~ b ,  = [l.SP(o) - 1.-1570P(ro/2)]/ro 
b l  = [-5.25P(o) + 6.9282P(ro/2)]/ro3 
b2 = [ 3.75P ( 0 )  - 5.7735P (r0/2) ] /rO5 
~ . . .  
3 Zones, 4 Terms (M = 3, m = 3) 
~~ 
bo = [2.2266P(o) - 1.6780P(r0/3) - 0.1698P(2ro/3)]/ro 
b l  = [-19.1016P(o) + 25.1700P(r0/3) - 6.6223P(2r0/3)]/ro3 
b2 = [39.0234P(o) - 58.7300P(r0/3) + 24.6212P(2ro/3)]/ro5 
b3 = [-22.1484P(o) + 35.2379P(rO/3) - 17.8291P(2ro/3)]/ro7 
~ . _ _  .. .. 
4 Zones, 5 Terms (M = 4, m = 4) 
bo = [3.0556P(o) - 2.3870P(r0/4) - 0.1285P(ro/2) - 0.1920P(3ro/4)]/ro 
b l  = [-47.9167P(o) + 63.8956P(r0/4) - 17.7054P(ro/2) + 2.3038P(3r0/4)]/rO3 
b2 = [200.4167P(o) - 305.7075P(r0/4) + 132.7906P(r0/2) - 31.6700P(3ro/4)]/ro5 
b3 = [-295.5556P(o) + 475.5450P(r0/4) - 244.2833P(r0/2) + 77.9447P(3r0/4)]/r0 
b4 = [140.0000P(o) - 231.3962P(r0/4) + 129.3265P(r0/2) - 48.3795P(3r0/4)]/ro9 
~. . . -. . . . . . - . - - 
~~ 
5 Zones, 6 Terms (M = 5, m = 5) 
bo = [3.7293P(o) - 2.8Z1P(r0/5) - 0.2776P(2r0/5) - 0.1672P(3r0/5) 
- 0.1180P (4r0/5) J /ro 
b l  = [-97.8760P(o) + 132.0571P(r0/5) - 38.9323P(2r0/5) + 6.2401P(3r0/5) 
- 1.4326P(4r0/5)]/ro3 
b2 = [696.2967P(o) - 1076.0422P(r0/5) + 490.4206P(2r0/5) - 130.0505P(3r0/5) 
+ 22.4882P(4ro/5)]/ro5 
b3 = [-1937.2940P(o) + 3161.1553P(r0/5) - 1699.8635P(2r0/5) + 585.9137P(3r0/5: 
- 126.9015P (4r0/5) ] /rO7 
b4 = [2253.0556P(o) - 3775.7473P(r0/5) + 2202.4849P(2r0/5) - 871. 7180P(3r0/5) 
+ 227. 3807P(4r0/5)]/ro9 
b5 = [-917.9116P(o) + 1561.3993P(ro/5) - 953.8320P(2r0/5) + 409.7820P(3r0/5) 
- 121 .4169P(4ro/5)]/ro11 
_ -  





I n  t h e  second method, emission i s  assumed t o  be zero a t  t h e  boundary. 
Thus t h e  f u l l  se t  o f  M + 1 l i n e a r  equat ions i n  equat ion (5) w a s  solved with 
t h e  cond i t ion  
This method of s o l u t i o n  provides  an emission func t ion  o f  M + 1 terms and i s  
v a l i d  only when t h e  emission decreases  a t  a f i n i t e  r a t e  t o  zero a t  t h e  bound- 
a r y  (see eq. ( 6 ) ) .  The r e s u l t s  are p resen ted  i n  t a b l e  4. 
Since two methods o f  s o l u t i o n s  o f  equat ion (5) were employed, t h e  upper 
l i m i t  i n  t he  summation i n  equat ion (5) w i l l  be des igna ted  by m ,  where m = M 
o r  m = M - 1 depending on which method i s  used. Appendix B p r e s e n t s  t h e  
method o f  computing t h e  c o e f f i c i e n t s  a i ,  and hence b i ,  from the  given P(x,) 
f o r  a r b i t r a r y  values  o f  m up t o  5 .  
COMPARISON OF RESULTS 
I .o - Data set No. I, Fig. 6 of Ref.2 Formulas de r ived  i n  t h e  preceding 
ro=l.O, P ( o ) = l . O  s e c t i o n s  a r e  app l i ed  t o  t h e  two s e t s  o f  
Data set No.2, r o  = 4.2, experimental  d a t a  shown i n  f i g u r e  2 .  
Data s e t  no.  1 i s  t aken  from f i g u r e  6 
o f  r e fe rence  2 .  Data s e t  no. 2 was 
obtained by one of t h e  p r e s e n t  au tho r s  
during an experiment with an arc-heated 
wind tunnel  ( r e f .  3 ) .  The measured 
i n t e g r a t e d  i n t e n s i t y  corresponding t o  
d a t a  s e t  no. 2 i s  t h e  c o n t i n u T  emis- 
s i o n  a t  wavelengths nea r  4000 A from 
ion ized  n i t r o g e n  flowing through a wind 
tunne l .  A s  shown, both sets of d a t a  
P( 0 )  = 2.259 
- 
- 
\ have been smoothed s o  t h a t  no e r r o r  \ 
I I I would be introduced o r  ampl i f i ed  
0 .2 .4 .6 .8 1.0 because o f  experimental  scat ter .  The 
Dimensionless coordinate, x/ro comparison thus  t e s t s  t h e  c a p a b i l i t y  o f  
t h e  p r e s e n t  method t o  y i e l d  t h e  same 
inve r s ion  as can be a t t a i n e d  by e x i s t -  
ing inve r s ion  methods i n  t h e  absence o f  
experimental  s c a t t e r .  Except f o r  t h e  method of r e f e r e n c e  2 ,  which uses  an 
analog computer, t he  e x i s t i n g  methods use high-order  (20- o r  30-zone) formulas 
f o r  g r e a t e r  accuracy. The p r e s e n t  method l i m i t s  t h e  number of zones t o  5; a 
l a r g e r  number r e s u l t s  i n  o s c i l l a t i o n s  a t  l a r g e r  values  o f  r. 
Figure 2.-  Two s e t s  of in tegra ted  i n t e n s i t y  data  
used f o r  t e s t i n g  t h e  present  method. 
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.9 
.7 
(I) c .- 5 .6 
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P * 














. I  
0 
I n  f i g u r e  3 (a )  , t h e  p r e s e n t  
method o f  i n v e r s i o n  i s  compared with 
o t h e r  methods f o r  t h e  f irst  set  o f  d a t a .  
A 5-zone i n v e r s i o n  formula o f  method 1 
(formula 4 o f  t a b l e  3) i s  chosen f o r  
t h i s  comparison. Corresponding r e s u l t s  
esent method with 4-ZOne, 4-term and 3-zone, 3-term 
formulas a l s o  are shown f o r  t h e  o r i g i n  
r = 0 .  The r e s u l t s  o f  i n v e r s i o n s  by 
HErmann ( r e f .  4) are reproduced from 
re fe rence  2 .  (The method o f  S i r o l a  and 
Anderson i s  based on the  a n a l y s i s  o f  
Pearce ( r e f .  5) .)  Bockasten's method 
( r e f .  6) a l s o  was used; t h e  r e s u l t  
agreed c l o s e l y  (a  2-percent discrepancy) 
with t h a t  ob ta ined  by Nestor and Olsen 
( r e f .  7 ) . l  Edels ,  Hearne, and Young 
( r e f .  8) reproduced independent ly  t h e  
r e s u l t s  ob ta ined  by Nestor and Olsen 
and by Bockasten. 
0 Nestor and Olsen (Ref.7) 
A SiroIo and Anderson (Ref.2) S i r o l a  and Anderson (ref.. 2) and 
Figure 3 i n d i c a t e s  t h a t  t h e  .2 .4 .6 .€I 1.0 
T = r / r o  
methods of both HGrmann and Pearce 
(a) Data set no. 1. ( i . e . ,  S i r o l a  and Anderson) f a i l  a t  t h e  
o r i g i n .  Hormann's method f a i l s  because 
o f  t h e  n e c e s s i t y  t o  e v a l u a t e  t h e  a r e a  
under an undefined curve n e a r  t h e  o r i -  
Figure 3.- Emission intensity obtained by 
inversion of test data in figure 2. 
g i n .  Pea rce ' s  method breaks down because i t  assumes a s t e p - f u n c t i o n  v a r i a t i o n  
o f  i n t e g r a t e d  i n t e n s i t y  t h a t  cannot desc r ibe  t h e  emission i n t e n s i t y  nea r  t h e  
o r i g i n .  The method o f  Nagler ( r e f .  9)  i s  similar t o  t h a t  of  Pearce.  The 
method of Dooley and McGregor ( r e f .  10) i s  similar t o  t h a t  of HGrmann and has 
t h e  same mathematical d i f f i c u l t y  caused by t h e  s i n g u l a r i t y  a t  t h e  o r i g i n .  In 
t h e  case o f  t h e  H6rmann i n v e r s i o n ,  and t h e r e f o r e  Dooley and McGregor i n v e r s i o n ,  
t h e  e r r o r  due t o  t h e  s i n g u l a r i t y  a t  t h e  o r i g i n  adds t o  t h e  deduced value o f  
emission over t h e  e n t i r e  range. 
The methods o f  Nestor and Olsen and o f  Bockasten (or  e q u i v a l e n t l y  Edels 
e t  a l . )  r e s u l t  i n  d e f i n i t e  values  f o r  t h e  emission a t  t h e  o r i g i n  because t h e  
l i n e a r  term is excluded i n  t h e  i n t e  r a t e d  i n t e n s i t y  (see t a b l e  1). However, 
i n  t h e s e  methods, t h e  cubic  term x5 i s  allowed as wel l  as x 2 ,  l ead ing  t o  
i n f i n i t e  curvature  a t  t h e  o r i g i n  (see t a b l e  1 ) .  A s  a r e s u l t ,  t h e  de r ived  
emiss ion - in t ens i ty  g r a d i e n t  is f i n i t e  nea r  t h e  o r i g i n  as  shown, even though 
t h e  g r a d i e n t  o f  i n t e g r a t e d  i n t e n s i t y  should be zero a t  t h e  o r i g i n .  Th i s  con- 
t r a d i c t s  t h e  phys ica l  n a t u r e  o f  t h e  problem ( f e a t u r e  ( 2 )  s t a t e d  e a r l i e r ) .  
_ .  " - _  . 
lThe p r o f i l e  i n v e r t e d  by t h e  Nestor-Olsen method shown i n  f i g u r e  3 (a )  i s  
d i f f e r e n t  from t h e  corresponding p r o f i l e  i n  r e fe rence  2 .  AS implied i n  r e f e r -  
ence 2 ,  the  Nestor-Olsen p r o f i l e  was found t o  be i n  e r r o r .  
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Nevertheless ,  o f  t h e  e x i s t i n g  methods, t h e s e  o f  Nestor and Olsen and o f  
Bockasten appear t h e  most a c c u r a t e ;  Bockasten’s i s  p r e f e r r e d  because o f  i t s  
c l o s e r  piecewise curve f i t  ( p a r a b o l i c  vs .  l i n e a r  f o r  Nestor and Olsen) t o  t h e  
i n t e g r a t e d  i n t e n s i t y .  
The p r e s e n t  method provides  a wel l -def ined f i n i t e  emission value a t  t h e  
o r i g i n  and a smooth p a r a b o l i c  change n e a r  t h e  o r i g i n .  The peak va lue  of 
emission i n t e n s i t y  c a l c u l a t e d  by t h e  p r e s e n t  method agrees  c l o s e l y  wi th  those  
obtained by t h e  b e t t e r  o f  t h e  e x i s t i n g  methods. 
however, a t  l a r g e  values  o f  
d a t a ,  because: 
The p r e s e n t  method f a i l s ,  - 
7 :  r/roJ t h a t  i s ,  r ,> 0.6 f o r  t h e  p r e s e n t  t e s t  
1. The formula used h e r e  (method 1) leaves t h e  emission a r b i t r a r y  a t  
t h e  boundary. 
2 .  Expansions o f  t h e  form o f  equat ion (4) t end  t o  o s c i l l a t e  as r/ro -f 1. 
Point  (2) is a r e s u l t  o f  t h e  emission-funct ion peak a t  an in t e rmed ia t e  p o i n t ,  
around r = 0 . 5 ,  which decays r a p i d l y  as r i n c r e a s e s  toward u n i t y .  Thus, 
t h e  p re sen t  method i s  not  s u i t a b l e  f o r  c a l c u l a t i n g  t h e  emission a t  l a r g e  r a d i a l  
d i s t a n c e s  when t h e  s l o p e s  a r e  changing r a p i d l y  (see f i g .  2 ) .  A t  t h e  o r i g i n ,  
however, even a 3-zone formula o f  e i t h e r  method 1 o r  2 g ives  a s a t i s f a c t o r y  
r a d i a l  d i s t a n c e s .  I t  i s  p o s s i b l e  t o  improve t h e  p r e s e n t  method f o r  l a r g e  r ,  
f o r  example, by expanding i n  power s e r i e s  around ro i n s t e a d  of t h e  o r i g i n ;  
- - 
r e s u l t .  A s  seen from f i g u r e  3, e x i s t i n g  methods a r e  s a t i s f a c t o r y  a t  l a r g e  - 
however, no such at tempt  w a s  made s i n c e  
.7 
Method Zone No. most e x i s t i n g  methods y i e l d  s a t i s f a c t o r y  
--- I 3 r e s u l t s  i n  t h i s  r e g i o n .  
Data S e t  No. 2 
6 
Figure 3 (b) compares d i f f e r e n t  
c 
3 formulas of methods 1 and 2 with t h a t  o f  
0 f o r  s e l e c t e d  r a d i i  f o r  2 - ,  4 - ,  and 
c emission values  a r e  shown only a t  t h e  
- o r i g i n  and approximate midradius 
“7 T = 0 . 4 7 ,  because these  a r e  s u f f i c i e n t  
Bockasten ( R e f .  6) .  2 0  zone g 5  
x Bockasten f o r  t h e  second s e t  o f  d a t a .  
1 4  - 
>r 5-zone c a s e s .  For t h e  2-zone cases ,  t h e  






E t o  def ine  t h e  curve.  w .2 
The Bockasten i n v e r s i o n ,  l i k e  t h a t  
. I  o f  Nestor and Olsen ( f i g .  3 ( a ) ) ,  y i e l d s  
a sharp peak i n  emission a t  t h e  o r i g i n .  
For t h e  reason no ted  e a r l i e r ,  t h e  
Bockasten va lue  at  t h e  o r i g i n  cannot be 
except nea r  t h e  plasma boundary, 
methods 1 and 2 formulas of o r d e r  3 and 
above y i e l d  r e s u l t s  t h a t  agree c l o s e l y  
Figure 3. - Concluded. with t h a t  o f  Bockasten. General ly ,  t h e  
0 .25 .50 .75 I .o t r u s t e d .  For t h e  r e s t  o f  t h e  range, 
7 = r / ro  
(b)  Data s e t  no. 2.  
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h i g h e r  o r d e r  formulas tend t o  o s c i l l a t e  n e a r  t h e  boundary. The amplitude o f  
t h e  o s c i l l a t i o n s  are g r e a t e r  f o r  method 1 than  f o r  method 2 ,  which assumes 
t h a t  emission vanishes  at  t h e  boundary. I n  p a r t i c u l a r ,  t h e  3-zone formula o f  
method 2 agrees c l o s e l y  with t h e  Bockasten r e s u l t  over  t h e  e n t i r e  r a d i u s  
range. This agreement may be f o r t u i t o u s  and cannot be expected as a r u l e .  
Because none o f  t h e  e x i s t i n g  methods i s  a c c u r a t e  a t  t h e  o r i g i n ,  it i s  n o t  
p o s s i b l e  t o  assess t h e  a b s o l u t e  accuracy o f  t h e  p r e s e n t  method a t  t h e  o r i g i n .  
Such accuracy is  s t r o n g l y  suggested,  however, by t h e  cons i s t ency  o f  r e s u l t s  
y i e l d e d  by a l l  t h e  formulas o f  d i f f e r e n t  o r d e r ,  and by t h e  mathematical r i g o r  
o f  t h e  p re sen t  method. Even a 2-zone, 2-term formula g ives  a va lue  accu ra t e  
t o  wi th in  5 percen t  a t  t h e  o r i g i n .  
The p r e s e n t  method r e s u l t s  i n  high accuracy f o r  d a t a  set  no. 2 because 
t h e  emission v a r i a t i o n  with r a d i u s  i s  we l l  behaved ( f i g .  3 ( b ) ) .  That i s ,  t h e  
emission decreases  monotonically toward t h e  boundary, and t h e  change i n  t h e  
s l o p e  of decay is gradual  over  t h e  e n t i r e  r a d i u s  range. Because such a v a r i a -  
t i o n  can be approximated a c c u r a t e l y  by a polynomial, a high degree o f  accuracy 
can be expected. 
DISCUSS ION 
The s e n s i t i v i t y  o f  t h e  i n v e r s i o n  t o  t h e  i n i t i a l  input  e r r o r  i n  i n t e g r a t e d  
i n t e n s i t y  is shown i n  t a b l e  5 .  The numbers i n  t h e  t a b l e  r e p r e s e n t  t h e  r a t i o  
o f  t h e  output  e r r o r  i n  emission a t  t h e  r a d i i  i n d i c a t e d  t o  t h e  i n p u t  e r r o r  i n  
i n t e g r a t e d  i n t e n s i t y .  Thus, f o r  example, i f  one uses  t h e  4-zone, 5-term f o r -  
mula f o r  d a t a  set  no. 1, and i f  t h e  i n t e g r a t e d  i n t e n s i t y  a t  r = 0 .5 ro  i s  
misread by 1 p e r c e n t ,  t h e  emission s u f f e r s  an e r r o r  of  1 .18 p e r c e n t  a t  t h a t  
p o i n t .  The 2-zone, 2-term, and 3-term c a l c u l a t i o n  f o r  d a t a  s e t  no. 1 are n o t  
l i s t e d  because t h e  2-term formulas are i n a p p r o p r i a t e .  
A s  shown, t h e  p r e s e n t  method i s  much less s e n s i t i v e  t o  experimental  e r r o r  
t han  t h e  e x i s t i n g  methods, a t  least  i n  t h e  range 0 < r < 0 . 5 r o .  Note t h a t  
t h e  a m p l i f i c a t i o n  o f  i n i t i a l  e r r o r  i s  small with t h e  p re sen t  method even though 
t h e  c o e f f i c i e n t s  i n  t h e  expressions o f  b i  i n  t a b l e s  3 and 4 are l a r g e  num- 
b e r s ,  e s p e c i a l l y  f o r  l a r g e  m .  I t  i s  e s s e n t i a l ,  however, t h a t  t h e  values  o f  
P(jro/M) be r ep resen ted  by a s u f f i c i e n t l y  l a r g e  number o f  d i g i t s  i n  t h e  calcu-  
l a t i o n  o f  b i  f o r  a l l  i .  A lower o r d e r  formula magnifies t h e  i n p u t  e r r o r  
t o  a l e s s e r  degree.  Again, t h i s  i s  expected: t h e  g r e a t e r  t h e  number o f  i n t e r -  
v a l s  a t  which a va lue  o f  i n t e g r a t e d  i n t e n s i t y  i s  r ead ,  t h e  smaller t h e  magnifi-  
c a t i o n  of e r r o r  by d i f f e r e n t i a t i o n .  For t h e  same zone d i v i s i o n ,  method 1 
magnif ies  t h e  e r r o r  t h e  l e a s t .  
Any e r r o r  i n  t h e  determinat ion o f  t h e  o v e r a l l  r a d i u s  o f  ro i s  magnified 
by t h e  inve r s ion  p rocess .  To determine t h e  f a c t o r  of magn i f i ca t ion  of such an 
e r r o r ,  one f irst  changes ro d e l i b e r a t e l y  by an amount A r o  so  t h a t  t h e  j t h  
zone p o i n t  i s  s h i f t e d  by (j/M)Aro, and computing t h e  emission f u n c t i o n  e on 
t h e  b a s i s  of t h e  values  o f  P a t  t h e  new zone p o i n t s .  This  c a l c u l a t i o n  i s  
c a r r i e d  out  f o r  d a t a  s e t  no. 2 f o r  t h e  p r e s e n t  method and f o r  t h e  10-zone 
Bockasten formula. Table 6 shows t h e  r e s u l t s  o f  t h e  c a l c u l a t i o n .  The f i g u r e s  
1 2  
TABLE 5 .  - COMPARISON OF INVERSION METHODS FOR  MAGNIFICATION^ 
- -. 
Method 1 1.14 
Method 2 1.14 
Bockas t en - - -  
- .- 
Bockasten ( r e f .  6) 
M = 20 
. -  - 
Nestor  and Olsen 
( r e f .  7) 
M = 20 
M = 50 
Method 1 
m = 2  
m = 3  
m = 4  
m = 5  
Method 2 
m = 2  
m = 3  
m = 4  
m = 5  
- 
1 .51  
1.67 
--- 
OF EXPERIMENTAL ERROR 
Data set  no. 1 
- 
r = O  
18.8 
. _  - 
15.8  
39.5 








r = r0/2 
1.88 
2.17 





- - -  
.91 
1 .18  
1.46 
Data se t  no. 2 I 










2 .03  
2.85 
3.46 












a Rat io  o f  t h e  e r r o r  i n  emission i n t e n s i t y  e ( r )  t o  t h e  e r r o r  i n  t h e  
i n t e g r a t e d  i n t e n s i t y  P(x) . 




"Ratio o f  e r r o r  i n  emission i n t e n s i t y  a t  t h e  o r i g i n  caused by t h e  e r r o r  
i n  ro t o  t h e  e r r o r  i n  ro, f o r  d a t a  s e t  no. 2. 
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i n  t h e  t a b l e  r e p r e s e n t  t h e  magn i f i ca t ion  f a c t o r ,  t h a t  i s ,  t h e  r a t i o  o f  t h e  
e r r o r  i n  t h e  r e s u l t i n g  emission i n t e n s i t y  a t  t h e  o r i g i n  e (0 )  caused by t h e  
e r ror  i n  ro t o  t h e  e r r o r  i n  ro i t s e l f .  The 10-zone ( r a t h e r  t han  20-zone) 
Bockasten formula was used because it was d i f f i c u l t  t o  r ead  small changes i n  
P(x) caused by t h e  s h i f t i n g  of x by ( j / M ) A r o .  A s  i n d i c a t e d  by t a b l e  6 ,  t h e  
magn i f i ca t ion  of t h e  e r r o r  i n  ro by t h e  i n v e r s i o n  remains t h e  o r d e r  o f  u n i t y  
f o r  both t h e  p r e s e n t  and Bockasten's methods. 
In  t h e  p r e s e n t  method, a t r u n c a t i o n  e r r o r  e x i s t s  i n  a d d i t i o n  t o  t h e  
experiment-or iginated e r r o r s  mentioned above. 
r e p r e s e n t a t i o n s ,  equat ions (3) and (4), t r u n c a t e  a Maclaurin i n f i n i t e  s e r i e s  
a t  t h e  mth term, t h e r e  always e x i s t s  an e r r o r  o f  t h e  same magnitude as t h e  
m + 1 term. The accuracy o f  t h e  p r e s e n t  method depends, among o t h e r  t h i n g s ,  
on how a c c u r a t e l y  t h e  func t ions  e and P can be approximated by t h e  forms o f  
equat ions (3 )  and ( 4 ) .  The t r u n c a t i o n  e r r o r  i s  small n e a r  t h e  o r i g i n ,  b u t  
becomes l a r g e  a t  l a r g e  r, e s p e c i a l l y  f o r  l a r g e  m ,  making t h e  p r e s e n t  method 
i n v a l i d  a t  l a r g e  r. 
Because t h e  b a s i c  polynomial 
The cu rva tu re  o f  emission v a r i a t i o n  with r a d i u s  a t  t h e  a x i s  is given i n  
the  p r e s e n t  method as 
- -  - 2bl d2 e 
d r2  
where b l  i s  as l i s t e d  i n  t a b l e s  3 and 4 .  The accuracy o f  t h e  de r ived  curva- 
t u r e  w i l l  improve as t h e  degree o f  t h e  polynomial i s  i n c r e a s e d  provided t h a t  
t h e  inpu t  d a t a  are a b s o l u t e l y  accu ra t e .  None of t h e  e x i s t i n g  methods, however, 
can s a t i s f a c t o r i l y  r e s o l v e  emission p r o f i l e  cu rva tu re  on t h e  a x i s  o f  symmetry. 
When t h e  i n t e g r a t e d  i n t e n s i t y  i s  not  known at  e q u a l l y  spaced p o i n t s  
x = jro/M, t h e  formulas o f  t a b l e s  3 and 4 cannot be used. 
can s t i l l  be app l i ed ,  however, with a minor mod i f i ca t ion :  The curve o f  t h e  
form o f  equat ion (4) must be f i t t e d  t o  the  experimental  d a t a ;  then t h e  c o e f f i -  
c i e n t s  b i  can be determined as i n  appendix A o r  t a b l e  2 .  
The p r e s e n t  method 
Method 2 should be used i f  t h e  emission i s  known t o  vanish a t  t h e  
boundary and i f  t h e  values  nea r  t h e  boundary a r e  d e s i r e d .  Otherwise,  method 1 
is  p r e f e r a b l e  because i t  is  i n s e n s i t i v e  t o  i n i t i a l  i n p u t  e r r o r .  The r equ i r ed  
number o f  zones depends on t h e  type o f  v a r i a t i o n  o f  i n t e g r a t e d  i n t e n s i t y .  I f  
t h e  i n t e g r a t e d  i n t e n s i t y  v a r i e s  such t h a t  t h e  emission v a r i e s  monotonically 
with r a d i u s ,  and i f  t h e r e  are no more than two i n f l e c t i o n  p o i n t s ,  as i n  f i g -  
u re  4 ,  a 3-zone subd iv i s ion  should be adequate.  If t h e r e  i s  no i n f l e c t i o n  
p o i n t  i n  i n t e g r a t e d  i n t e n s i t y ,  a s  when t h e  boundary i s  a bow shock wave over a 
s p h e r i c a l  body moving through t h e  atmosphere a t  very high speeds,  a 2-zone 
formula may be accu ra t e  enough. The o rde r  o f  zoning should be inc reased  as 
t h e  number of i n f l e c t i o n  p o i n t s  i s  inc reased ,  because otherwise t h e  polynomial 
cannot p rope r ly  desc r ibe  t h e  v a r i a t i o n .  
i n f l e c t i o n  p o i n t s  t h e  emission func t ion  has ,  t h e  c a l c u l a t i o n  should be 
r epea ted  with va r ious  zonings. The r equ i r ed  number o f  zones w i l l  have been 
reached when f u r t h e r  i nc reases  f a i l  t o  change t h e  c a l c u l a t e d  emission va lues .  
I f  i t  is  not  known a pr ior i  how many 
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The p r e s e n t  method can be used most advantageously i n  experiments t o  
determine t h e  cond i t ions  o f  plasma produced i n  f a c i l i t i e s  f o r  a e r o t h e n o d y -  
namic t e s t i n g .  In  most such experiments i n  wind tunne l s  o r  shock t u b e s ,  it 
is  necessary only t o  know t h e  cond i t ion  o f  t he  plasma a t  and n e a r  t h e  cen te r -  
l i n e ,  t h a t  i s ,  t h e  emission and cu rva tu re  a t  t h e  o r i g i n .  Also, i n  many cases ,  
t h e  flows produced i n  such f a c i l i t i e s  have maximum emission on t h e  a x i s  o f  
symmetry, which i s  f avorab le  f o r  t h e  p re sen t  method. 
CONCLUSIONS 
The method f o r  Abel i n v e r s i o n  desc r ibed  uses only a f e w  measured values  
o f  i n t e g r a t e d  r a d i a t i o n  i n t e n s i t y .  The emission i n t e n s i t y  i s  desc r ibed  by an 
even-power polynomial i n  t h e  r a d i a l  coordinate  r ,  t h e  c o e f f i c i e n t s  o f  which 
a r e  determined t o  b e s t  f i t  t h e  measured i n t e n s i t y .  The inve r s ion  i s  accura t e  
nea r  t h e  a x i s  o f  symmetry, and breaks down a t  l a r g e  r a d i a l  d i s t a n c e s .  I t  i s  
a l s o  more accu ra t e  when e m i s s i v i t y  decreases  monotonically toward t h e  boundary 
than otherwise.  The magn i f i ca t ion  o f  e r r o r  i n  t h e  inve r s ion  i s  much s m a l l e r  
than t h a t  p re sen t  i n  o t h e r  methods. 
Ames Research Center 
Nat ional  Aeronautics and Space Adminis t ra t ion 
Moffet t  F i e l d ,  C a l i f . ,  94035, Oct.  2 ,  1969 
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APPENDIX A 
DETERMINATION OF b i  FROM ai  
By d i f f e r e n t i a t i n g  equat ion ( 4 ) ,  one o b t a i n s  
m 
Then one eva lua te s  t h e  i n t e g r a l  
S u b s t i t u t i o n  o f  equa t ions  (Al) and (A2) i n t o  equat ion (2) y i e l d s  
m 
Equating t h e  c o e f f i c i e n t s  o f  corresponding powers o f  r i n  expressions (3) 
and (A3), w e  o b t a i n  t h e  c o e f f i c i e n t s  b i  
m 
b.  = 7 1 qk 1 ( 2k - 2 i  )ro2k-pit:) [(2k + l ) %  - (2k - 2 ) % + l r 0 j  (A4) 1 k - i  
k = i  
In  terms of t h e  a k ,  equat ion (A4) becomes 
m 
b .  1 = [(2k + l)Bk,i - 2kBk- yi]ro2k-2i% 
k = i  
where 
2k - 2 i  2 i  for - LL( k -  i)(i) 
'k , i  4k 
The e x p l i c i t  numerical form o f  equat ion (AS) is p resen ted  i n  t a b l e  2 f o r  values  
o f  m up t o  5. 
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APPENDIX B 
DETERMINATION OF a i  AND b i  FROM P (x j )  FOR EQUALLY SPACED x j  
I n  t h e  s o l u t i o n  o f  equa t ion  ( 5 ) ,  t h e  values  f o r  P(x) are assumed known 
a t  e q u a l l y  spaced p o i n t s  x, 
j = 0 ,  1 ,  2 , .  . . , M j x = - r  j M 0 '  
Then equat ion (5) can be w r i t t e n  as 
L e t t i n g  Y be a v e c t o r  with components y j y  X a ma t r ix  with components 
x j k ,  and A a v e c t o r  with components a k Y  where 
w e  have t h e  matr ix  r e p r e s e n t a t i o n  of  equat ion (Bl) 
Y = XA 
Now we can f i n d  a s o l u t i o n  ma t r ix  X - l  s o  t h a t  t h e  ak can be given by 
m 
"k = >: x;;Yj 
. .  
j =o 
S u b s t i t u t i o n  o f  equa t ion  (B2) i n t o  (A5) y i e l d s  
where Bk,i i s  given i n  equa t ion  (A6). The numerical form o f  equat ion (B3) 
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